Recently, a major trend is going to redesign a production system by controlling or making variable the production rate within some fixed interval to maintain the optimal level. This strategy is more effective when the holding cost is time-dependent as it is interrelated with holding duration of products and rate of production. An effort is made to make a supply chain model (SCM) to show the joint effect of variable production rate and time-varying holding cost for specific type of complementary products, where those products are made by two different manufacturers and a common retailer makes them bundle and sells bundles to end customers. Demand of each product is specified by stochastic reservation prices with a known potential market size. Those players of the SCM are considered with unequal power. Stackelberg game approach is employed to obtain global optimum solution of the model. An illustrative numerical example, graphical representation, and managerial insights are given to illustrate the model. Results prove that variable production rate and time-dependent holding cost save more than existing literature.
Literature Review
Nowadays, supply chain management is the key area of research in each field of business sector (see for reference Sarkar [1] ). The most crucial factor in supply chain is to obtain more profit or to reduce a total system cost. To earn more profit, selling-price plays an important role as less sellingprice with perfect quality product will give always increasing market size of any product. Thus, if any industry can maintain an optimum selling-price for a long period of time, the industry may consider a sustainable supply chain forever with known market size.
Therefore, based on the optimum selling-price there are two options for market size: if selling-price is in the optimum level then anyone can conclude that the supply chain is moving with known market size without shortages; otherwise it can be assumed that the market size of the supply chain continues with random market size, where shortage can appear any time. Therefore, it can be concluded that, with the optimum selling-price, known market sizes, and production greater than demand always, any industry can assume a sustainable supply chain system without any shortage of any product at anytime (see for reference Sarkar and Lee [2] , Cárdenas-Barrón and Sana [3] , and Modak et al. [4] ).
Though there are several researches about the optimized selling-price within the supply chain framework, only few models were considered the optimized selling-price for complementary products. By definition, complementary product means these products which cannot be used without help of another like stapler and its pin and bed and mattress. These complementary types of products are generally very basic products for our daily use purpose and prices of these products are very low compared to other products. The case of substitutable products has been widely studied in literature for a long time. This is the basic traditional competition for substitutable products, where customers choose products by their performance or marketing strategies of the industries. But as on Yue et al. [5] model, the concept of complementary products arises when customers have to buy more than one product at the same time to obtain full utility of both products. Recently, these complementary products are gaining interest in research as it is found that several complementary 2 Mathematical Problems in Engineering [14] √ √ Sarkar and Lee [2] √ √ √ √ Alfares and Ghaithan [9] √ Sarkar et al. [12] √ √ This model √ √ √ √ √ √ products are used in our daily life as toothpaste and toothbrush. The best examples for complementary products are computer and its operating system, computer hardware and software, and digital versatile disk (DVD) player and DVD. In this direction, Choi [6] introduced complementary products within the supply chain management. Gabszewicz et al. [7] introduced price competition for a firm, which produces complementary products always giving more profit in coordination policy than the noncoordination policy between the player of the firm. McCardle et al. [8] introduced that bundling these complementary products will give more perfect result than the single selling within a basic inventory model. They did not prove the effect of bundling policy for complementary product within the supply chain network, though they introduced reservation price within the literature of basic inventory model. Based on these studies till now, an immediate research gap can be found as what will be the feature of bundling for complimentary products within the framework of supply chain where the reservation price is already utilized? This research gap is fulfilled by Sarkar and Lee [2] and they proved that for bundling policy holding cost and production rate of both manufacturers, who produce complementary products, play some important roles within the supply chain. Alfares and Ghaithan [9] proved that timedependent holding cost always plays an important role and Sarkar et al. [10] developed effect of variable production rate, which is close to Manna and Chaudhuri [11] . Sarkar et al. [12] discussed the effect of time-dependent holding cost in the basic inventory model. Therefore, the immediate research gap arises: what will be the feature of supply chain model with time-dependent holding cost and demand-dependent production rate for both the manufacturers and who would like to produce basic complementary products? This research gap is fulfilled by the proposed model along with the cooperation and noncooperation policy within the supply chain players that are employed as nowadays many supply chain players are with unequal powers. Therefore, Stackelberg game policy is employed to solve the model, which is suggested by many researchers in this field of research with leaderfollowers strategies (see for reference Mukhopadhyay et al. [13] and Wei et al. [14] )
This model is on the basic products only whereas for the larger products the same model can be applied without any change. The airline industries recently plan for the chip air tickets and the tour plans for each country. That can be used as a complementary products like (i) trip tickets and (ii) tour package. The second example of large complementary products is (i) trip airlines tickets and (ii) hotel booking for the same city. Recently, many airlines industries are using the concept of complementary products for their tickets and hotels for the same cities as a compact package with some attractive prices for which this model can be directly used without any change. This present study considers a two-echelon supply chain model with two duopolistic manufacturers and a common retailer. The manufacturers produce two types of complementary products. The retailer purchases complementary products using reservation price and makes bundles with complementary products and sells those bundles of complementary products to customers. The production rate for each of the manufacturer is demanddependent and holding cost is time-dependent. Due to unequal power of SCM players, Stackelberg game approach with noncooperation strategies and cooperation strategy are employed to obtain global optimum solution of the model. Several managerial insights are discussed based on their profits and analytical derivations. The rest of the paper is designed as follows: problem definition, notation, and assumptions are given in Section 2. The mathematical model is described in Section 3. Numerical example, graphical representations, and sensitivity analysis are illustrated in Section 4. Finally conclusions and future extensions are given in Section 5. Please refer to Table 1 for the contribution of different authors in the field of this study.
Problem Definition, Notation, and Assumptions
This section considers problem definition, notation, and assumptions.
Problem Definition.
A two-echelon supply chain is considered with two manufacturers and a common retailer for complementary products. Retailer sells bundles of complementary products, which contain product 1 (made by manufacturer 1) and product 2 (made by manufacturer 2). When the retailer places an order quantity of some complementary products (as product 1 and product 2) to manufacturers (manufacturer 1 and manufacturer 2), anyone within these manufacturers (we assume manufacturer 2) responds first with any type of products (product 1 if manufacturer 1 and product 2 if manufacturer 2) with quantity and another manufacturer (we assume 1st manufacturer) has to make the same quantity of other parts of complementary products. As one manufacturer responds 1st and another manufacturer has to follow both of them (common retailer and the manufacturer who responds first), thus the leaderfollower strategy is used to obtain the optimum profit of the supply chain. Within two leaders, one may sometimes think about his own profit, he may not think about the whole supply chain profit, or it may happen that both leaders may think about their total supply chain profit. Based on this strategy, the noncooperation and cooperation strategy are considered. The production rates of both manufacturers are dependent on demand of that manufacturer and demand is dependent on selling-price, which is based on stochastic reservation price. The holding cost for each manufacturer is considered as time-dependent. The aim is to maximize the profit of the supply chain to analyze the effect of variable production rate and time-dependent holding cost for specific type as complementary products, where the player of supply chain is with unequal profit.
Notation.
The following notation is used to develop this proposed model. 
Assumptions.
The following assumptions are considered to develop the model.
(1) In this model, a two-echelon supply chain model is considered with two manufacturers and one common retailer. Two manufacturers make two types of separate (but complementary) products and the common retailer makes them bundle and sells them.
(2) Demand for retailer is assumed for bundle products as stochastic in nature; that is,
) and the demand of the duopolistic manufacturers is also stochastic in nature; that is,
2 )). Along with the stochastic nature of demand, the demands are dependent on reservation price (see for reference Sarkar and Lee [2] ). The production rates of both manufacturers are dependent on demand rate; that is,
(see for reference Manna and Chaudhuri [11] ).
(3) Since, in the basic inventory model, the holding cost is considered as constant, even though, based on the time, the holding cost is increased for most of the complementary products when departure date of any airline flight is coming closer, then the airline updates the increasing price of air tickets along the value of the tour-packages. For the basic products, if those products are holding for a long time in a shopping mall, the holding cost of those products must increase with the increasing value of time. It is assumed that the holding costs are time-dependent; that is, ℎ for both manufacturers, whereas the holding cost for common retailer is considered as constant.
(4) This model assumes if retailer places an order, any (it is assumed second) manufacturer responds first; then manufacturer along with retailer becomes leader and another manufacturer becomes follower.
(5) Stackelberg game policy is employed to solve the model as there is an asymmetry in power (see for reference Sarkar and Lee [2] ).
(6) There are no shortages for the retailer and two manufacturers even though the production rate is variable, but it should be within certain limit such that demand never exceeds.
(7) There is no information asymmetry in this model.
Model Formulation
Two manufacturers produce two basic complementary types of products as product 1 and product 2. It is assumed that, without any loss of generality, upper limit of reservation price of manufacturer 1 is 1 and lower limit is 0 as those are very basic products with less price than other products. Manufacturers buy raw materials at 1 and 2 and sell them to the retailer at 1 and 2 . The demand of each product 1 and product 2 is specified by the reservation price 1 and 2 , respectively. The model assumes that there is a potential market for complementary products with known market size . The assumption of market size is reasonable as products are basic products and there are old available past data. However, uncertainty occurs due to the variability in reservation prices. The distribution of reservation prices for product 1 and product 2 is assumed to be uniform between 1 and 1 for product 1 and 2 and 2 for product 2. The model assumes without any loss of generality that 1 = 0 and 1 = 1. Thus, it can be obtained that 2 ≥ 0, 1 ≤ 1, and 2 ≤ 2 . Finally, the model assumes 2 ≤ 1.
The demand of product 1 from manufacturer 1 is given by
The demand of product 2 from manufacturer 2 is based on reservation price as
Profit of Manufacturer 1.
The production process of product 1 is started at time = 0 with the demand-dependent production rate
to produce a lot and it continues until
. The inventory depletes due to demand 1 to zero at = (see Figure 1) . The governing differential equations of manufacturer 1 are given by
To calculate the profit of manufacture 1, one has to calculate all manufacturer 1's different cost expression. Therefore, the following costs are calculated as follows. Setup Cost ( 1 ). Manufacturer 1 produces product 1. Thus, the basic setup has to invest for product 1. Therefore, the setup cost for manufacturer 1 is
Holding Cost ( 1 ). As production rate is not fixed, it is assumed as demand-dependent and demand is variable; therefore anytime shortages can occur. Thus to prevent the shortages, the time-varying holding cost is considered to control the shortages. A linear time-dependent holding cost pattern (see reference Alfares & Ghaithan [9] ) is considered and the holding cost for manufacturer 1 is given by
) .
The revenue for manufacturer 1 is = ( 1 − 1 )
1 . Thus, the average profit for manufacturer 1 is
To calculate the profit of the supply chain, the profit of manufacturer 2 has to be calculated. Thus, in next subsection, the profit of manufacturer 2 can be calculated.
Profit for Manufacturer 2.
Similar as manufacturer 1, the production process of product 2 is started at time = 0 with the demand-dependent production rate to produce a lot and it continues until
. The inventory depletes due to demand 2 to zero at = 2 (see Figure 2) . The governing differential equations of manufacturer 2 are given by
Solutions of the above equations to obtain the present inventory positions at time for manufacturer 2 are given by
From the continuity condition, equating the above two equations at the time
2
, it can be obtained that
Setup Cost ( 2 ). Similar as manufacturer 1, the setup cost for manufacturer 2 is
Holding Cost ( 2 ). For holding cost also, similar as manufacturer 1, the holding cost for manufacturer 2 is given by 
The revenue for manufacturer 2 is = ( 2 − 2 ) Thus, the average profit for manufacturer 2 is
After making product 1 by manufacturer 1 and product 2 by manufacturer 2, they sell to their common retailer. Therefore, the profit of retailer has to calculate to obtain the profit of the supply chain.
Profit for the Common Retailer.
Due to making bundles of product 1 and product 2, the demand ( ) pattern changes for the case of retailer. Therefore, the demand, by considering stochastic reservation price, of retailer is as follows:
The governing differential equations of the common (see Figure 3 ) retailer are
To calculate the profit of the retailer, the following costs have to be calculated.
Ordering Cost ( ). The ordering cost for the common retailer is
Holding Cost ( ). The holding cost for the common retailer is
The revenue for the common retailer is = ( − 1 − 2 ) .
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The profit for the retailer is
The model assumes when the retailer places an order, manufacturer 2 accepts the order first. Based on the joint discussion of the retailer and manufacturer 2, manufacturer 1 has to follow the same amount, which manufacturer 2 offers to the retailer. It means that all players are not with same power. Thus, the total cost of manufacturers and retailer cannot be added directly as it may be considered in the basic supply chain model. To solve this leader-follower problem, Stackelberg game approach is the best procedure; thus, it is used to solve the model. Thus for this model, manufacturer 2 and retailer act as the leader and manufacturer 1 acts as the follower. But based on cooperation and noncooperation policy between the leaders, there are two cases as Case 1: noncooperation between leaders (manufacturer 2 and common retailer) and follower (manufacturer 1) and Case 2: cooperation between leaders (manufacturer 2 and common retailer) and follower (manufacturer 1). In next Section, the solution methodology, based on Stackelberg policy, is discussed.
Solution Methodology
Case 1 (noncooperation between leaders (manufacturer 2 and common retailer) and follower (manufacturer 1)). To solve the model, Stackelberg game policy is used here. The following lemma is constructed to obtain the global maximum profit of the player of supply chain. 
Proof. Taking derivative two times of the profit equation of manufacturer 1 with respect to , one can obtain
By using necessary condition of optimization, it gives
Taking derivative with respect to 1 two times of the profit equation of manufacturer 1 and equating to zero as well as using the optimum * , it can be found as
Mathematical Problems in Engineering 7 1st conditions of Theorem 1 are satisfied. Now, we check the 2nd condition. The above equation must be satisfied by the optimal selling-price 1 of product 1.
Finally, in the expression for the second principal minor, the 1st term is too big compared to second term. Thus, it is greater than zero.
From the sufficient condition, principal minors are alternating in sign. Thus, the optimal solution is the global maximum. Hence, this completes the proof. 
Proof. Using the value of optimum lot size * from the follower manufacturer 1, the profit equation of manufacturer 2 becomes
From the necessary condition of optimization, it can be obtained as
The optimum selling-price * 2 of product 2 satisfied the above equation. From the sufficient condition, one can obtain
Thus, manufacturer 2 has also global maximum profit.
Theorem 3. Using the optimum lot size * , the global maximum profit is obtained for the common retailer at
Proof. The profit equation of the common retailer can be written after substituting the value of * as
8
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The optimum is obtained by taking derivative of AP ( ) with respect to and equating to zero, as follows:
Therefore, for each case, the model obtains the global maximum solution analytically.
Case 2 (cooperation between leaders (manufacturer 2 and common retailer) and follower (manufacturer 1)). For this case, the leaders think about their joint profit, not the individual profit. Thus, the cooperation strategy can be considered within the leaders and follower. Due to the leader-follower policy, the model is solved by Stackelberg game approach. As the follower is the same as Case 1, thus we can use the same value of lot size * and selling-price * 1 of product 1. Thus, we formulate a theorem as follows. 
Proof. The joint profit of the leaders is
To optimize the joint profit, taking differentiation two times with respect to * , one can obtain
Now, differentiate AP 2 / with respect to 2 ; it is found that
Now, putting the value of demand, one can find
The optimum selling-price * 2 of product 2 satisfied the above equation.
From the sufficient condition, one can obtain
Thus, it satisfies the necessary and sufficient condition for the global optimum solution. Hence, both the selling-prices are the global optimal solutions. This completes the proof. 
Numerical Example
Input data for the numerical is given in Table 2 and the  optimum results are shown in Table 3 
Sensitivity Analysis
The sensitivity analysis of key parameters is considered and major findings can be concluded from the sensitivity analysis, Tables 4 and 5.
Sensitivity Analysis and Managerial Insights from the Numerical Experiment in Case 1
(1) The market size is the most sensitive parameter among all parameters for all players. From numerical experiments, it is found that, for 50% increasing values of market size, the total profit for each player increases more than 50%. Among all players, the market size of manufacturer 2 is most sensitive. Industry managers should be very careful about this most sensitive parameter as if they can increase sales by using any strategy or policy, the profit curve of each player can rise significantly.
(2) For the setup cost, the cost is most sensitive for manufacturer 2 comparing to manufacturer 1. For manufacturer 2, the positive and negative change in total profit are almost same, whereas, for manufacturer 1, the positive change is more than the negative change in total profit. Positive and negative changes in the total profit are the same for the ordering cost of the common retailer.
(3) Among all players of the supply chain, the holding cost for the common retailer is most sensitive parameter. Within those manufacturers, manufacturer 1's profit is most sensitive than manufacturer 1's profit for the holding cost. For the time-dependent part of holding cost, it is found that this holding cost is very less sensitive comparing to others, but not negligible. The positive and negative changes in the time-dependent holding costs for both manufacturers are the same, which indicates that, for both cases, they are in equilibrium position.
(4) The purchasing costs for both manufacturers are second sensitive parameters among all other parameters. For both manufacturers, the positive change in the total profit is more than the negative change in the total profit in the case of purchasing cost.
(5) The changes in the total profit are very less for both the scaling parameters for the variable production rate; still it is most useful for the model, which is found by the numerical experiments. 
Conclusions
This study derived a two-echelon supply chain model with two manufacturers and one common retailer. Two manufacturers produced two different types of complementary products and sold them to the common retailer. The retailer made those complementary products in bundles and sold the bundles to customers. Based on the order quantities by the retailer, at least one manufacturer agreed with the retailer and another manufacturer had to agree with the same order quantities. Thus, the study considered Stackelberg game policy to solve the model. This study used a demanddependent production rate such that shortages did not appear and time-dependent holding cost is used by the study to obtain more profit than existing literature (Sarkar and Lee [2] ). The numerical study proved that this model obtained more profit than Sarkar and Lee's [2] model in all respect even though the optimum selling-price for product 1 is the same.
If the values of ℎ 12 and ℎ 22 are zeros, then the profit will be more, but that is not more realistic. The semiclosed optimal solutions are obtained analytically. There were four theorems to obtain the global optimality analytically. The numerical study proved also the global optimum results. From the numerical study of two cases, the cooperation case gave more profit than the noncooperation case. Thus players should go for cooperation strategy forever for more profit always. Any industry can use the cooperative policy with other industries for continuous profit for complementary products. Further extension of this model is possible to consider uncertainty within the model. A fruitful research direction is possible by considering service level for the retailer (see for reference Shin et al. [15] ). For both manufacturers, the setup cost can be reduced by some investments or quality of products can be improved. During production of complementary products, due to long-run process or machine breakdown, defective items may appear and the rate of defective items can be random (Sarkar [16] ). In this model, transportation cost for the raw material and final products is not considered. By considering the transportation and carbon emission cost, the model can be reconsidered in a fruitful direction with equal lot size (Sarkar [17] ) and with unequal lot size (Sarkar et al. [18] ). To facilitate customers with delay-in-payments, the retailer can offer customers to increase more sales (Sarkar [19] ). Considering the variable production rate, the model can be considered within the certain limit of production rate, that is, within the range of minimum production rate and maximum production rate (see for reference Sana et al. [20] and Glock [21] ). 
